The purpose of this experiment was to use the known analytical techniques to study the creation, simulation, and measurements of molecular Hamiltonians. The techniques used consisted of the Linear Combination of Atomic Orbitals (LCAO), the Linear Combination of Unitaries (LCU), and the Phase Estimation Algorithm (PEA). The molecules studied were H 2 with and without spin, as well as He 2 without spin. Hamiltonians were created under the LCAO basis, and reconstructed using the Jordan-Winger transform in order to create a linear combination of Pauli spin operators. The lengths of each molecular Hamiltonian greatly increased from the H 2 without spin, to He 2 . This resulted in a reduced ability to simulate the Hamiltonians under ideal conditions. Thus, only low orders of l = 1 and l = 2 were used when expanding the Hamiltonian in accordance to the LCU method of simulation. The resulting Hamiltonians were measured using PEA, and plotted against function of 2π(K) N and the probability distribution of each register. The resolution of the graph was dependent on the amount of registers, N, being used. However, the reduction of order hardly changed the image of the H 2 graphs. * All simulations studied used Qumquat, an experimental high-level quantum programming language. https://github.com/patrickrall/Qumquat arXiv:1909.11146v1 [quant-ph] 
Introduction

Computational Chemistry
Computational chemistry is the combination and application of chemical, mathematical and computing skills, used to solve chemical problems. These problems range from the study of molecular structure, electronic charge density distributions, reactivity, and many more. These computational results are usually used to complement experimental results, however as they can also shed light on unobserved chemical phenomena, they are also used to design new drugs and materials.
The Schroëdinger equation is one of the starting points for most quantum chemical calculations. It can be used to predict or calculate the energy of atoms as particles move around. However, for many body systems, the Schroëdinger equation cannot be solved analytically. To this end, many chemist use different mathematical methods to approximate solutions to the equation. These methods range from simplified forms of the first-principles equations that are easier or faster to solve, to methods that limit the size of the system such as periodic boundary conditions. Because approximation methods are required to achieve solutions to the Schroëdinger equation, the goal of computational chemist has been to minimize the residual error of the approximations while keeping the calculations tractable.
Performing any kind of chemical computation requires a method of representing the system. These methods are known as basis sets, and are typically comprised of a set of functions that are used to represent a wave function. One of the more common basis sets is composed of the Linear Combination of Atomic Orbitals. LCAO is a quantum superposition of atomic orbitals and a technique for calculating molecular orbitals in quantum chemistry. Assuming the molecular orbital φ i is equal to the number of atomic orbitals included in the linear expansion, the expression φ i = j c ij χ j can be formed where where φ i is a molecular orbital represented as the sum of n atomic orbitals χ r , each multiplied by a corresponding coefficient c ij , and j represents which atomic orbital is combined in the term. This method can be incredibly useful when trying to describe molecular orbitals because of its simplicity.
The Molecular Hamiltonian
A Hamiltonian operator,Ĥ, is an operator corresponding to the sum of the potential and kinetic energies of all particles in a system, |ψ . Using this operator, the Schroëdinger equation can be expressed asĤ |ψ = E a |ψ . In the case of molecules, this Hamiltonian is known as the Molecular Hamiltonian. The most common mathematical approximation is the Bohrn and Oppenheimer approximation in which nuclear kinetic energy terms within the Hamiltonian are neglected. This results in a Hamiltonian that only considers the kinetic energies of electrons and the Coulomb interactions between them. This new Hamiltonian is known as the Electronic Hamiltonian, and is shown in its second quantized form below.Ĥ
The Electronic Hamiltonian's second quantized form tracks each orbital and stores whether there is an electron present in each of them. In order to do this annihilation and creation operators are used as they can act on electronic states. The annihilation operator is denoted a, and it lowers the number of particles in a given state by one. The creation operator is denoted a † and it increases the number of particles in a given state by one, as well as being the complex conjugate of the annihilation operator. The coefficients h ij and h ijkl are one-and two-electron overlap integrals which can be computed classically.
Quantum Representation
Computational chemist often use computers to solve chemical problems like molecular structure. Classical software packages are often limited as they must store an electrons wave function of each particle as a probability distribution. This becomes a problem as the memory required to store the wave function in the form of bits scales exponentially with the number of electrons in the molecule. With the introduction of quantum bits, or qubits, a particles wave function can be more efficiently stored. This is because qubits, as the name implies, are quantum allowing them to be described as wave functions themselves.
In practical applications, the qubits used for computation must be distinguishable. This becomes an issue when they are used to represent the electrons of molecular systems as the electrons are indistinguishable particles. In order to circumvent this issue, the Jordan-Winger transform is used to express the annihilation operator a j , and the creation operator a † j , in terms of the Pauli spin operators X,Y,Z and the identity I, that correspond to the algebra of distinguishable 1 /2 spin particles. The Jordan-Winger transform is given by the equation below.
Once the Hamiltonian has been expressed as a sum of elementary Pauli spin operators the dynamics can then be compiled into fundamental gate operations using a host of well-known techniques. One such technique is the Linear Combination of Unitaries, or LCU.
The LCU algorithm is used to solve the Hamiltonian Simulation problem, where the goal is construct a unitary operation U that follows the equation shown below.
*Note that represents the error parameter.
Suppose there is unitary that can can be written as a linear combination of efficiently implementable unitary matrices U i , i.e., V = i a i U i . This unitary U then maps |i |ψ to |i U i |ψ . This means that if the Hamiltonian itself is a linear combination of unitaries where U i is unitary for all i, then the map e iHt , is also a linear combination of unitaries.
When expanded out, each term is a scalar multiplied by a product of unitary operators. Although this is an infinite sum, a good approximation can be obtained by truncating the sum. Using this idea, a similar method can be applied to simulate sparse Hamiltonians that are not restricted to being Hermitian. The new operator V is defined as V := e −iH/m = e −i j Uj /m . It is important to note that the coefficient a i can be absorbed int the unitary U i without any loss in relative phase. Expanding the definition of the matrix exponential, and truncating the sum after l = k results in the matrixṼ .Ṽ
2 Experimental
Creating the Hamiltonian
The molecules of interest in this experiment were diatomic hydrogen and helium. A unique form of the electronic Hamiltonian (1) was used to simulate the quantum chemistry of the molecules. This equation is shown below.
The Hamiltonian was created using the LCAO method to rewrite the molecular orbitals ,b † b, in terms of separable atomic orbitals. By treating each atomic orbital as a vector, ie. |1s A , a matrix of inner products, 1s A |1s B could be produced. This matrix is known as the overlap matrix.
Figure 1: The overlap between the 1s orbitals of Hydrogen
In order to write the the molecular orbitals as separable atomic orbitals, the Gram-Schmidt process was used to create an orthonormal set of virtual orbitals that do not overlap. These virtual orbitals were substituted into equation [6] in order to produce a separable molecular Hamiltonian. The Jordan-Winger transform was performed on the new molecular Hamiltonians, resulting in their decomposition into Pauli spin operators.
Hamiltonian Simulation
Once the Hamiltonian has been expressed as a sum of elementary Pauli spin, the LCU method could be used to simulate Hamiltonian dynamics. First, A unitary matrix, A, was created to map |0 to 1 √ a i √ a i |i . This was done using the postselect feature in Qumquat, the Quantum Machine Learning and Quantum Algorithms Toolkit. The Palui string Hamiltonians were then expanded in accordance to equation [5] . The hydrogen molecule without spin was expanded with orders of l = 1 and l = 2, while the hydrogen molecule with spin was expanded only with an order of l = 2. The helium molecule without spin was expanded with an order of l = 1. The resulting expand Pauli strings were applied to the quantum circuit, conversting the eigenenergy into relative phases. The relative phases can then be measred using the Phase Estimation algorithm.
Measuring the Hamiltonian
The phase estimation algorithm, or PEA, was used to obtain the molecular energies from the time evolution of the molecular Hamiltonian described in section 2.2. Given a unitary matrix U and a quantum state |ψ such that U|ψ = e 2πiθ , the algorithm estimates the value of θ with high probability with additive error . In the case of calculating molecular energies, the unitary matrix U is the molecular Hamiltonian produced after simulating its dynamics. The algorithm begins by setting up two registers where the upper n qubits comprise the first register, and the lower m qubits are the second register. A super position of the initial state is created by applying n-bit Hadamard gate operations on the first register, resulting in the state below.
A controlled-U gate is applied to the second register only if its corresponding control qubit is |1 . Applying n many controlled-U gate operations to the phase of an eigenstate of the Hamiltonian evolving dependent on a register qubit, i.e. |0 |ψ n + e −iHt |1 |ψ n = |0 |ψ n + e −iEnt |1 |ψ n , allows the state of the first register to be described by the following equation. The LCAO approach was used in order to create a basis set in which the molecular Hamiltonian was a linear combination of atomic orbitals. Writing the Hamiltonian in this format aided in state preparation for Hamiltonian Simulation.The molecules were written in terms of their overlap matrix (Figure 2) , and their atomic orbitals were separated using the Gram-Schmit process. The original orbitals were then written in terms of these new virtual orbitals, in order to be used in equation [6] . Performing the Jordan-Winger transform results in the Pauli decompositions of molecular Hamiltonians where each varied in length increasing from H 2 to He 2 ( Table 1 ). The amount of gate operations greatly increased the time it took to simulate and measure the results of each Hamiltoniain. Hamiltonian Simulation was done using the LCU method. Since the generated Hamiltonians were already linear combinations of Pauli spin operators, promoting them into equation [6] was simple. However, because of the length of each Hamiltonian, only low orders of l could be studied, as the length would increase exponentially, drastically increasing the time it took to simulate the results. 
Results
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Conclusions
The graphs shown in figures 3 and 4 demonstrate the results under different values of N and l, where N represents the range of register used, and l represents the order of the of the molecular Hamiltonian produced from equation [5] . As no error mitigation was done, these results should be studied qualitatively. As shown in figure 1 , decreasing the range of N drastically decreases the resolution of the graph, with the benefit of producing a graph much quicker. Comparing 3b to 3c shows the result of changing the order of the Hamiltonian expansion. For low values of l, the effect of changing the order seems to be fairly negligible. This is explored further in the appendix. Finally, the more complex Hamiltonians of H 2 with spin, and He 2 without spin are shown in figure 2a and 2b respectively. Despite Both graphs having low values of N and l, they have distinct shapes. However, H 2 molecule with spin shares a nearly identical appearance to its no-spin counter part. While these results must be interpreted qualitatively, they still help prove the methodology of producing the Hamiltonians as legitimate through reproducibility. If this method was flawless, it would be expected that the spin variant would have a higher quality graph despite having the same N and l values, due to a more complete description of the molecule. The He 2 molecule has a more unique shape indicating a clear difference between the two molecules.
The purpose of this experiment was to use the known analytical techniques to study the creation, simulation, and measurements of molecular Hamiltonians. While this experiment was successful in implementing known techniques to perform electronic structure calculations, it was extremely limited due to the performance capabilities of classical computers. This greatly hindered the ability for quantitative results due to using low resolution graphs to identify the eigenvalues of each molecular Hamiltonian.
